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ABSTRACT        
Steady and oscillatory modes of convective flow in a horizontal mushy layer 
during alloy solidification are reviewed.  The theoretical problem has been based on the 
model developed by Amberg and Homsy [1] and under the limit of large Stefan number 
as treated first by Anderson and Worster [2].  As determined by Riahi [3] over an 
extensive range of the parameter values, the oscillatory mode of convection corresponds 
to smaller critical value Rc of the Rayleigh number at the onset of motion as compared to 
the corresponding one for the steady mode of convection.  Nonlinear steady convection 
studied by Anderson and Worster [4] indicated preference of subcritical steady hexagon 
pattern convection for sufficiently small magnitude |ε| of the amplitude of convection, 
while supercritical steady two-dimensional rolls were found to be stable for |ε| beyond 
some value.  Nonlinear oscillatory convection studied by Riahi [5] indicated preference 
of either supercritical simple travelling rolls or supercritical standing rolls depending on 
the particular parameter values of the problem. 
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INTRODUCTION  
Anderson and Worster [2] considered the problem of the solidification of a binary 
alloy in mushy layers and analyzed the linear stability of a motionless state to identify an 
oscillatory mode of convective motion.  Their investigation was based on the mushy-
layer model of Amberg and Homsy [1].  A near-eutectic approximation was employed 
and the limit of large far-field temperature was considered.  Such asymptotic limits 
allowed them to examine the dynamics of the mushy layer in the form of small deviation 
from the classical system of convection in a horizontal porous layer of constant 
permeability.  They also considered the limit of large Stefan number, which enabled them 
to reach a domain for the existence of the oscillatory mode of convection. 
     The oscillatory mode of convection discovered by Anderson and Worster [2] was 
based on a simple one-layer model developed by Amberg and Homsy [1] in which the 
dynamics of the mushy layer was decoupled from the dynamics of the overlying liquid 
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layer.  Their oscillatory mode was distinct from that found in [6], which arose due to 
double-diffusive convection in a two-layer system in which stabilizing thermal buoyancy 
was present.  The one-layer model treated in [2] did not contain the double-diffusive 
effects due to strong coupling between the solute and thermal fields, which can be 
imposed by the condition of thermodynamic equilibrium.  The oscillatory mode detected 
by Anderson and Worster [2] was due to a mechanism internal to the mushy layer, and it 
implied existence of an important interaction between convection, heat transfer and 
solidification within the mushy layer. 
     Recently Riahi [3] extended the linear model treated by Anderson and Worster [2] 
by imposing an external constraint of rotation on the solidification system and studied the 
effect of the Coriolis force on the linear convective instabilities, which are present once 
the Rayleigh number R exceeds its critical value Rc.  An interesting result of his study 
was the dual role played by the Coriolis force.  The stable region in the (a, R)-space 
increased with the Coriolis parameter T (square root of a Taylor number).  Here, a is the 
horizontal wave number of the convective flow.  However, the domain for the oscillatory 
flow instability increased with T at the onset of such instability.  
     Anderson and Worster [4] extended the weakly nonlinear study of Amberg and 
Homsy [1] to the limit of large Stefan number and for a wider range of values for ε.  They 
focused on the steady convection, calculated the steady solutions in the form of two-
dimensional rolls and hexagons and analyzed the stability using their derived evolution 
equation for the small amplitude coefficients of the steady rolls and heady hexagons.  
They found that steady rolls or steady hexagons with either up-flow or down-flow at the 
cells’ centers can be stable, depending on the relative strength of different physical 
mechanisms. 
     Riahi [5] studied the oscillatory modes of convection in the mushy layers using 
the Amberg and Homsy model [1] in its extended form as studied by Anderson and 
Worster [4].  He employed weakly nonlinear and stability analyses to determine the 
oscillatory solutions and their stability with respect to arbitrary three-dimensional 
disturbances.  His objectives of the analyses of the problem were to isolate the nonlinear 
properties of the oscillatory modes of the compositional convection in the mushy layers 
for various values of the parameters and to determine the flow features and structures 
near the onset of plume convection and the conditions for the chimney formation, which 
can lead to presence of freckles in the alloy crystal.  Freckles are highly undesirable 
features since they are imperfections that can alter the material and mechanical properties 
of the solidified alloy and, consequently, lower down the quality of the produced crystal.    
     In regard to the motivation for applying an external constraint of rotation on the 
solidifying system and the resulting effects, it should be noted that understanding the 
rotational effects on the convective flow instabilities in the mushy layer, which is formed 
adjacent to the crystal interface in an alloy system, are of interest in both geophysical and 
engineering areas.  Understanding the roles and effects of the Coriolis force on the 
dynamics of a porous layer adjacent to the earth’s inner core interface is important in 
geophysics and for the understanding the geodynamo.  In industrial crystal growth 
processes it has been desirable to impose certain external constraints such as rotation, in 
an optimized manner upon the system, in order to reduce the effects of such instabilities, 
which can lead to micro-defect density in the crystal and, thus, reduce the quality of the 
produced crystal.  
 3
     It should be noted that the particular crystal growth model, which takes into 
account the rotational effects through the presence of the Coriolis force only, is relevant 
both in the geophysical applications where the centrifugal mode of convection is 
insignificant and in the engineering areas where understanding the effects of the Coriolis 
force alone is of primary interest before the effects of rotation through the simultaneous 
presence of the Coriolis and centrifugal modes of convection are understood.  In addition, 
in engineering areas the centrifugal mode of convection is negligible in a region close to 
the rotation axis.  Some studies of the centrifugal mode of convection alone have already 
been studied [7, 8] using a two-layer model in a high gravity environment [9].  Sayre and 
Riahi [7] studied two-dimensional linear flow instabilities of a two-layer solidification 
model, developed first by Worster [10], subjected to an external constraint of rotation due 
to centrifugation [9] but ignoring the effects of the Coriolis force.  Results for a 
centrifugal mode of stationary disturbances at the onset of convection and under the 
restricted low rotation rate approximation imposed on the model indicated two distinct 
stationary modes of convection.  The primary large wavelength mode was found to 
strengthen in the presence of rotation.  Sayre and Riahi [8] extended their earlier work to 
the case of two-dimensional linear flow instabilities due to infinitesimal oscillatory 
disturbances.  They found a new oscillatory instability and their results indicated that the 
oscillatory nature of the centrifugal mode existed for both in the presence and absence of 
rotation, but such mode of convection was found to be weaker in the absence of rotation. 
  
GOVERNING SYSTEM 
     We consider a binary alloy melt that is cooled from below and is solidified at a 
constant speed V0.  The solidifying system is assumed to be rotating at a constant speed 
Ω about the vertical direction, anti-parallel to the gravity vector.  Following [1, 2], we 
consider the mushy layer of thickness d adjacent and above the solidification front to be 
physically isolated from the overlying liquid and underlying solid zones.  The overlying 
liquid is assumed to have a composition C0>Ce and temperature T∞ >TL(C0) far above the 
mushy layer, where Ce is the eutectic composition, TL(C) is the liquidus temperature of 
the alloy and C is the composition.  Thus, it is assumed that the horizontal mushy layer is 
bounded from above and below by rigid and isothermal boundaries.  We consider the 
solidification system in a moving frame of reference oxyz, whose origin lies on the 
solidification front, translating at the speed V0 with the solidification front in the positive 
z -direction and rotating with the speed Ω about the z -axis. 
     It should be noted that no double-diffusive effects is present in the present one-
layer mushy zone model since such mushy layer is assumed to be in local thermodynamic 
equilibrium and, thus, 
   T= TL(C0)+M(C-C0), 
where T is the temperature and M is the slope of the liquidus [2].  The mushy layer is 
treated appropriately as a porous layer [10, 11, 12], where solid dendrites and liquid 
coexist, and Darcy’s law is adopted. 
     Next, we consider the equations for momentum, continuity, heat and solute for the 
flow in the mushy layer in the moving frame.  The equations are non-dimensionalized by 
using V0, k/V0, k/V02, β∆Cρ0gk/V0, ∆C and ∆T as scaled for velocity, length, time, 
pressure, solute and temperature, respectively.  Here k is the thermal diffusivity, ρ0 is a 
reference (constant) density, β= β*-M α*, α*and β* are the expansion coefficients for the 
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heat and solute respectively and M is assumed to be constant, ∆C=C0 –Ce, ∆T=TL(C0)-Te 
and Te is the eutectic temperature.  The non-dimensional form of the equations for 
momentum, continuity, temperature and solute concentration in the mushy layer are 
   H(φ )u = -∇P –R θ z + T u ×z /(1- φ),        (1a)  
     ∇.u = 0,          (1b) 
     (∂/∂t −∂/∂z )(θ− Stφ)+ u⋅∇θ =∇2θ,         (1c) 
   (∂/∂t −∂/∂z )[(1−φ)θ + Cr φ]+u⋅∇θ  = 0,        (1d) 
where u = u x + vy + wz = (1- φ )U is the volume flux per unit area, U is velocity vector, 
u and v  are the horizontal components of u along the x- and y-directions, respectively, x 
and y are unit vectors along the positive x- and y-directions, w is the vertical component 
of u along the z -direction, z is a unit vector along the positive z -direction, P is the 
modified pressure, θ is the non-dimensional composition (or equivalently temperature), 
θ=[T-TL(C0)]/ ∆T=(C-C0)/ ∆C, t is the time variable, φ is the local solid fraction, R = β∆ 
Cg Π(0)/(V ν ) is the Rayleigh number,  Π(0) is reference value at  φ =0 of the 
permeability Π(φ) of the porous medium, ν is the kinematic viscosity, g is acceleration 
due to gravity, H(φ)≡ Π(0)/Π(φ), St =L/(Cl ∆T) is the Stefan number, Cl is the specific 
heat per unit volume, L is the latent heat of solidification per unit volume, Cr =(Cs –C0 )/ 
∆C is a concentration ratio, Cs is the composition of the solid-phase forming the dendrites 
and T=2ΩΠ(0) /ν is the Coriolis parameter.  The equation (1d) is based on the limit of 
sufficiently large value of the Lewis number k / ks [2], where ks is the solute diffusivity. 
     The governing equations (1a)-(1d) are subject to the following boundary 
conditions [1] 
    θ +1=w = 0      at   z = 0,         (2a) 
    θ= w =φ =0     at   z =δ,         (2b)  
where δ= dV0 /k is the dimensionless depth of the layer. 
     Following [2] in reducing the model asymptotically, we assume the following 
rescaling in the limit of sufficiently small δ:  
     Cr=C /δ, St=S /δ, δ<<1,           (3a) 
  (x, y, z) = δ(x, y, z),   t =δ2t,  R2=δR ,         (3b) 
  u =Ru / δ,   P = RP,            (3c) 
where C and S are order one quantities as δ → 0.  As discussed in [2], the assumption of 
thin mushy layer ( δ<<1) is associated with the large non-dimensional far-field 
temperature θ∞ = T∞ / ∆T>>1, which can occur when the initial C is close to Ce.  The 
assumption of order one quantity C corresponds to the near-eutectic approximation [11], 
which allows one to describe the mushy layer as a porous layer of constant permeability 
to the leading order.  The assumption of order one quantity S allowed Anderson and 
Worster [2] to detect a new oscillatory instability from their analytical mushy-layer 
model. 
    The rescaling (3a)-(3c) are then used in (1a)-(1d) and (2a)-(2b).  The resulting system 
of equations and boundary conditions admits a motionless basic state, which is steady and 
horizontally uniform.  The basic state solution, denoted by subscript ‘B’ is given below in 
terms of the asymptotic expansions for δ<<1:  
θB= (z-1)- δG(z2 –z)/2+…        (4a) 
   φB= - δ(z-1)/C+δ2[-(z-1)2 /C2 +G(z2 –z)/(2C)]+…,       (4b) 
   PB=P0 –R[(z2/2-z)-δG(z3/2-z2/2)/2+…],        (4c)  
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where P0 is a constant and G ≡S/C+1.  Since φ is expected to be small, according to the 
results (4b), the following expansion for H(φ) will be implemented later in the governing 
system: 
    H(φ)=1+H1φ+H2φ2+…..,           (5) 
where the coefficients H1 and H2 are constants. 
     For the analysis that has been carried out in the past (Riahi2002, 2003), it was 
found convenient to use the general representation 
   u= ∇×(∇×zV)+∇×zψ             (6) 
for the divergence-free vector field u [13].  Here V and ψ are the poloidal and toroidal 
functions for u, respectively.  Taking the vertical components of the curl and the double-
curl of the Darcy’s momentum equation (1a) and using (3)-(6) in (1)-(2), then the leading 
order system for the dependent variables of the disturbances superimposed on the basic 
state are obtained for both non-rotational nonlinear case [5] and rotational linear case [3].  
Nonlinear rotational case is presently in preparation [14]. 
 
ROTATIONAL LINEAR CASE 
  Riahi [3] considered normal mode type solution of the form 
 (V,ψ,θ,φ)=[V′(z ), ψ′(z), θ′(z), φ′(z)]exp(σt+i a.r),           (7) 
where σ=σr+σi is the complex growth rate, i is the pure imaginary number (√-1), σr is the 
real growth rate, σi is the frequency of the disturbances, r=(x, y) is the horizontal position 
vector and a=(a1, a2) is the horizontal wave number vector of the disturbances.  Here a1 
and a2 are the x and y components of a, respectively.  Using (7) in the governing system, 
Riahi found the system of ordinary differential equations and boundary conditions for the 
z-dependent coefficients V′, ψ′, θ′ and φ′. 
     Next, presence of small parameter δ in the governing system for the z-dependent 
coefficients suggested expansions of the dependent variables and parameters in powers of 
δ.  Using such expansions in the system for the z-dependent coefficients, Riahi solved the 
resulting systems in the orders 1 /δ, δ0 and δ1 to determine the main stability results, 
which included the expressions for the disturbance dependent variables, Rc , ac and the 
disturbance frequency for the neutrally stable flow cases, where Rc is the minimum value 
of R achieved at a = ac.  The results were found to be dependent on the parameters T, G 
and Gt=(G-1)/(CG2). 
    The form of the equation for the disturbance frequency was found to be essentially the 
same as the one in the absence of the rotational constraint investigated by Anderson and 
Worster [2].  It was found that zero value of the frequency is always a solution of this 
equation, so that stationary (non-oscillatory) mode of neutrally stable state is always a 
solution to the present problem.  To investigate the possibility for oscillatory instability, 
Riahi [3] needed to look for solutions with non-zero frequency of the same equation.  In 
contrast to the stationary mode of convection, where the dependence over the parameters 
S and C were more preferred than their equivalent ones G and Gt, the oscillatory mode of 
convection exhibited more direct dependence on G and Gt in place of S and C. The values 
of the magnitude of the frequency for the oscillatory mode were found to be independent 
with respect to G.  It was found from the calculated results for different values of G and T 
that the value of the magnitude of the frequency increases with both Gt and T.  However, 
any value of the most critical frequency with a plus sign or with a minus sign was found 
to be solution to the same equation for the frequency and corresponded to the same value 
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for Rc.  In addition to these two most critical detected oscillatory modes, the equation for 
the frequency was found to provide more non-zero frequencies, implying existence of 
more oscillatory modes, which were neutrally stable at higher values of R.  For example, 
for G=2.0, Gt=0.5 and T=0.1, there were a total of six oscillatory modes.  Two of these 
modes were neutrally stable at the critical value Rc of the Rayleigh number, two other 
modes were neutrally stable at the value of R slightly higher than the critical value Rc, 
and the last two modes were neutrally stable at even larger value of R.  To determine the 
preference of either stationary or oscillatory mode of convection, it was needed to 
examine the expression for the critical values of Rc.  Since it was found that the 
magnitude of the frequency for the preferred oscillatory mode, which corresponded to the 
smallest Rc(o) among all the other oscillatory modes, was generally larger than π , then a 
comparison between the value of Rc(o) for the above described preferred oscillatory mode 
and for the value of the critical Rc(s) for the stationary mode led to a condition for the 
preference of the above described preferred oscillatory mode over the stationary mode.  A 
simple calculation showed that the above condition was generally valid for both in the 
presence and in the absence of rotation.  Hence, the most critical mode of convection was 
oscillatory, provided the already assumed order one quantities S and C remained order 
one quantities.  However, if one assumed that, for example,1.1<G<11.0 and 0.1<Gt<10.0 
for O(δ)=0.1,then one may reasonably assume that the oscillatory mode can be preferred, 
while stationary mode can be preferred if  such range of values for G and Gt does not 
hold. 
     Riahi [3] took advantage of the stricking similarities between the form equation 
for the disturbance frequency and its non-rotating counterpart [2] in order to make use of 
some of the results provided in [2] for discussing the corresponding results in the present 
study in the presence of rotation.  Anderson and Worster [2] found in their non-rotating 
system that the existence of a non-zero frequency depended on the parameter Gt.  Their 
results indicated that the oscillatory mode was preferred over the stationary mode if 
Gt<0.5, while the stationary mode was the most critical one if Gt>0.5.  The basis for this 
later result appeared to depend on the earlier work by these authors [4].  Anderson and 
Worster [4] carried out the weakly nonlinear analysis of steady convection in mushy 
layers.  A time-dependent amplitude analysis of their weakly nonlinear solutions for a=ac 
led to a set of coupled evolution equations for the amplitudes of the weakly nonlinear 
modes of convection.  They found that, to leading order, the coefficient of the time-
derivative terms vanished when Gt=0.5.  Hence, no preferred finite amplitude steady 
solution was found to be possible for Gt>0.5.  However, it should be noted that the study 
in [3] indicated no preferred oscillatory mode was possible, provided Gt was sufficiently 
small.  Figure 2 in [2] presented non-zero frequency versus a / π for different values of Gt 
in the absence of rotation.  For the neutral stability boundary, where this figure was 
applicable, the preferred wave number a was at most slightly different from ac, due to the 
order δ contribution of R1 to R, and it was seen from this figure that non-zero frequency 
was not possible for Gt<0.5 since ac=π in the non-rotating case and a /π could have a 
value close to 1.  However, in the system studied in [3], which was subjected to an 
external constraint of rotation, a /π could take any finite value for appropriate given value 
of T, and, thus, non-zero frequency was always possible for particular value(s) of T 
regardless of the value that Gt may take.  Hence, in this sense, presence of rotational 
constraint enhanced the existence of oscillatory mode of instability. 
 7
     The results for the neutral stability limit indicated that the critical values Rc and ac 
increased with T.  Hence, presence of the rotational constraint exerted stabilizing effect 
on both stationary and non-stationary modes at the onset of convection since Rc increased 
with T.  Also, the rotational constraint through the Coriolis force reduced the wavelength 
of the preferred flow since ac increased with T. 
     Riahi [3] also examined the vertical distribution of the perturbation to the solid 
fraction for both of a preferred stationary mode at G=1 and a preferred oscillatory mode 
at given values of G.  Typical results were determined for the vertical distribution of the 
perturbation to the solid fraction, which could provide information for the tendency for 
chimney formation in the mushy zone if the value of the perturbation to the solid fraction 
is negative, while tendency for the enhancement of the solid structure in the mushy zone 
follows if the value of the perturbation φ to the solid fraction is positive.  It was found for 
the stationary mode that φ was negative, and its magnitude decreased with increasing z.  
However, |φ| increased with T for any given value of z indicating destabilizing effect of 
the Coriolis force.  In addition, the calculated data for the stationary mode indicated that 
the tendency for the enhancement or otherwise of the solid fraction at different horizontal 
locations was generally in the vertical direction.  This result was in agreement with the 
experimental observations [15, 16] that channel and dendrite formations were generally 
in the vertical direction.  Results for some initial time t for φ versus z for the preferred 
oscillatory mode indicated that for T=0.0, in about the first quarter of the mushy layer 
above the lower boundary φ was positive and negative in the rest of the layer.  For T=6.0, 
φ was found to be positive in about the lower-half region of the layer and negative 
elsewhere.  At some later time t it was found that for T=0.0, φ was positive everywhere.  
For T=6.0, φ was positive everywhere, except very close to the lower boundary.  The 
results presented here indicated that, in the oscillatory flow regime, the vertical location 
of the occurrence for the chimney-formation tendency could change with time.  Thus, it is 
quite possible that the directions of the chimneys that could develop in a mushy layer in a 
time-dependent convective flow, be non-vertical. 
     The calculated data indicated that Rc increased with either S or H1 and decreased 
with increasing C for given T.  Physically, these results are as expected.  Since H1 is 
generally positive and is a representation of the inverse of the permeability of the porous 
layer, then the present system is expected to stabilize as H1 increases.  Since S represents 
a measure of the latent heat relative to the heat content and C represents the difference in 
the characteristic compositions of the solid and liquid phases to the compositional 
variation of the liquid, then the system is expected to destabilize as S increases or as C 
decreases. 
    In regard to either the stationary mode of convection or the oscillatory mode of 
convection that could be preferred in particular range of values for G, Gt and T, the 
eigenvalue relations for the frequency and Rc indicated that the linear stability results 
provided existence of either stationary or oscillatory modes for particular values of T, 
which may be in a particular two- or three-dimensional form of either a steady cellular 
flow, a left traveling wave, a right traveling wave, a general traveling wave or a standing 
wave.  A nonlinear stability analysis is presently carried out by the author [14] to 
determine the preferred flow structure in the presence of rotation, and the results of this 
study will be reported elsewhere in future. 
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NON-ROTATIONAL NONLINEAR CASE 
 Anderson and Worster [4] and Riahi [5] studied weakly nonlinear problem of 
convection in mushy layers for the steady and oscillatory modes of convection, 
respectively, and in the absence of any rotational constraint.  Their weakly nonlinear 
analyses were based on double-series expansions in powers of ε and δ.  The stability of 
the finite amplitude solutions determined in [4], was based on an evolution equation, 
which was derived by the authors, while that in [5] was based on a standard stability 
approach of the type carried out in [17, 18].  Anderson and Worster [4] and Riahi [5] 
carried out nonlinear analysis by first made a formal asymptotic expansion in ε and then 
at each order in ε made a formal asymptotic expansion in δ.  The appropriate expansions 
were for the dependent variables of the perturbation system, R and the frequency ω of the 
oscillatory modes of convection [19] in the oscillatory case [5].  Using such expansions 
in the governing system and disregarding the nonlinear terms, the linear problem was 
found and solved to determine the linear solution and the critical values Rc and ac of R 
and the wave number a of the perturbation quantities.  Next, nonlinear problem was 
considered and analyzed up to order ε2 and the corresponding solutions were determined. 
 Anderson and Worster [4] studied nonlinear stationary modes of convection in the 
form of steady two-dimensional rolls and steady hexagons.  They derived an evolution 
equation for the amplitude coefficients of such solutions, and their stability analysis for 
these solutions was based on such evolution equation.  They considered the case of small 
H1.  Their analysis of the steady convection revealed the presence of an oscillatory 
instability, which was due to an unsuspected interaction between convective flow and 
solidification that can occur within the mushy layer.  They reported that the point at 
which the coefficient of the time-derivative term in their evolution equation vanished 
corresponded to the appearance of the oscillatory mode at the minimum of the neutral 
stability curve for the real mode.  However, their analysis treated only those cases away 
from this point and considered only non-oscillatory solutions in the form of steady rolls 
and steady hexagons of their evolution equation.  They also found that the existence of 
the oscillatory instability and the possibility of stable down-hexagon, which has been 
observed experimentally [16], were associated with similar regions in the parameter 
space.  They found that stable down-hexagons could not be obtained when H2>0.131.  It 
should be noted that the presence of stable down-hexagons has been of interest in relation 
to the available experimental evidence [16] where such flow pattern was realized in the 
flow of %28 ammonium chloride solutions in a square tank solidified from its base.   
 More recently [20] the steady problem treated in [4] was considered but for the 
constant pressure condition at the upper boundary instead of the original impermeable 
upper boundary condition.  The authors carried out the same type of analysis and the 
method of approach as those in [4] to determine the steady solutions for rolls and 
hexagons.  The constant pressure condition at the upper boundary of the mushy layer   
improved the model quantitatively, as was shown in [20], since it made the original 
mushy-layer model [1] closer to the two-layer model of an actual solidification system, 
which allowed inflow and outflow through the mush-liquid interface.  However, the 
results reported in [20] implied presence of stable up-hexagons in the parameter regime 
where stable down-hexagons were observed [16].  
 Riahi [5] carried out a detailed nonlinear study of the oscillatory modes of 
convection in mushy layers, which complemented somewhat the previous nonlinear 
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studies of steady convection in mushy layers [1, 2, 4, 20].  He analyzed the oscillatory 
modes of convection in the form of two- and three-dimensional travelling and standing 
waves.  Under a near-eutectic approximation and the limit of large far-field temperature, 
he determined the solutions to nonlinear problem by using the perturbation technique that 
was already described, and the stability of the two- and three-dimensional solutions in the 
form of simple travelling waves, general travelling waves and standing waves was 
investigated with respect to arbitrary two- and three-dimensional disturbances.  The 
method approach of the type used in [18, 19] was employed to carry out the stability 
analysis and the subsequent stability predictions.  The results of the stability and the 
nonlinear analyses indicated preference of supercritical simple travelling rolls over most 
of the parameter range of values in the (G, Gt)-space, while supercritical standing rolls 
were found to be preferred over some small range of values in the (G, Gt)-space.  All the 
three-dimensional finite-amplitude oscillatory solutions as well as all the subcritical 
finite-amplitude oscillatory solutions were found to be unstable.  The results of the 
investigation of the onset of plume convection and channel formation leading to the 
occurance of the freckles in the alloy crystal indicated that the chimney of the plume 
could be initiated internally or near the lower boundary of the mushy layer.  However, 
due to the oscillatory nature of the flow with respect to time, the initiation of such 
chimneys, in particular locations in time and space, might either be stopped or be moved 
away by the oscillatory flow. 
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